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Fatigue Damage Index (FDI)

FDI is the ratio of the number of cycles run to the total
number of cycles until failure. When FDI reaches one, the
structure has failed, i.e., failure occurs (Yaguchi, Mitani,
Nagano, Fujii, & Kato, 2001).

Miner’s Rule

Miner’s rule is used to calculate damage caused by cyclic
time variant loading. The rule is a linear damage
accumulation model that uses a load time history and S-N
curve as inputs to calculate damage (Miner, 1945).

Power Spectral Density (PSD) The PSD function of the loading on the structure represents
the frequency content of the loading time history (Carpinteri,
Spagnoli, & Vantadori, 2017).
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ABSTRACT

Author: Li, Zhui. MS
Institution: Purdue University
Degree Received: August 2018
Title: Fatigue Damage Modeling Approach Based on Moving Power Spectrum Density
Committee Chair: Ince Ayhan

Fatigue damage estimation has long been treated as an important area of research in order
to design machines and structures dependably during their entire lifetime. The durability of
engineering components and structures under expected vibrational environment must be assessed
to meet design requirements for the reliability and safety in the service life. In past decades,
fatigue damage estimation approaches in both time domain and frequency domain have been
developed to simulate the operational life of the structures under severe vibrations.
Current frequency fatigue prediction methods for accelerated vibration loading
conditions, however, are based on stationary Power Spectral Density (PSD) inputs. Machine
components such as jet engines, rotating machines, and tracked vehicles are subjected to nonstationary (sweeping) PSD conditions under real service loadings. This thesis is aimed to develop
a Fatigue Damage modeling approach to predict fatigue damage for structures subjected to nonstationary PSD loading conditions. This modeling provides the fatigue damage estimation using
the frequency domain method, where only the input PSD and the attributes of a structural system
are required. In this thesis, a computational mathematical model was developed to estimate
fatigue damage of simplified structure(s) subjected to non-stationary PSD, which includes
sweeping narrowband and stationary wideband. The non-stationary PSD was divided into a
number of PSD stations on the basis of sweeping rate. Each PSD station represents the excitation
energy level at a certain time duration. And each PSD station was sliced into small segments for

xvii
fatigue damage estimation on the basis of the Bands method. A numerical finite element (FE)
method using ANSYS software package was used to simulate the vibrational PSD response and
fatigue damage of three simplified structures to validate the proposed computational modeling.
Estimated fatigue damages obtained from the computational modeling showed a good correlation
with finite element analysis results. The modeling fatigue damage approach on the basis of the
non-stationary PSD loadings is more efficient, better simulates real environmental vibration
loadings and provide more accurate fatigue life predictions. Techniques and modeling methods
developed here can be easily adapted to optimize design of engineering structural components
experiencing a spectrum of complex loading conditions.

1

INTRODUCTION

This thesis focuses on the development of a fatigue damage modeling approach based on
moving power spectral density (PSD) and the validation of this modeling approach using finite
element analysis (FEA). Chapter one will provide a general outline of this thesis.

1.1

Scope

This thesis develops a fatigue damage index (FDI) modeling approach for predicting
fatigue damage in structures subjected to moving PSD loading conditions. The theory was
validated based on FEA operated on ANSYS software package. The aspects considered were the
effect of the FDI under different probabilities of each stress level and resonance frequencies of
the component.
In this modeling, the testing component was simplified as a damped single-degree-offreedom (SDOF) system; that is, the mass of the component was supported by one spring and
one damping. The input PSD consisted of three moving narrowbands and one stationary
wideband. The data of the input PSD were all based on the testing condition of the material of a
heavy vehicle on a sponson or installed in the hull in the transverse axis. The input data included
the amplitude of the PSD, the initial frequency and bandwidth of the narrowbands and wideband,
and the sweeping rate and sweeping time of the narrow bands. The calculation of the FDI was
based on cumulative damage models, i.e., Miner’s rule.
FEA was used to simulate the testing process to validate the modeling. The results of the
simulation of the applied stresses were used to calculate the fatigue damage. The simulated
fatigue damage results were compared with the modeling calculation results to validate the
accuracy of the modeling.
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1.2

Significance

The fatigue life cycle time is a critical consideration in the design phase of engineering
structures or components. The most accurate way to obtain the fatigue life cycle time of a
component is to count the number of cycles after which the component fails, which is impossible
during the design phase. The standard practice for acquiring the life cycle time is to subject the
component to a simulated environment and force it to work until failure. The actual environment
is usually simulated by a shaker table, which is driven by a preset input signal. Alternatively,
FEA can be used instead of experiments. However, the preset input signals commonly used in
industry are limited to stationary PSD. The working environments for some heavy-duty
engineering components are complex and unpredictable. The preset input signals with stationary
PSD cannot simulate real working conditions efficiently, which will lead to inaccurate and
untrustworthy life cycle prediction.
In this thesis, the modeling approach used both moving and static PSD inputs as input
signals to more closely approximate the real working environment and thus predict the fatigue
lifetime more accurately and reliably. The proposed modeling methodology is of value not only
for estimating the fatigue lifetime but also for determining the proper range of natural
frequencies and 1G stress of the structure under the specific vibration environment before the
design phase.

1.3

Research Question

How should moving PSD loading be applied in the estimation of the fatigue life cycle
time under an accelerated vibration test?

3
1.4

Problem Statement

Many engineering machines and structures experience random vibrational loadings. The
durability of engineering components and structures under the expected vibrational environment
must be assessed to meet design requirements for reliability and safety during the service life.
Current fatigue life prediction methods for accelerated vibration testing in the frequency domain
are based on stationary PSD inputs. However, many machine components, such as jet engines,
rotating machines, and tracked vehicles, are subjected to moving PSD conditions, as indicated in
the MIL-STD-810F standard.
This study aimed to develop an FDI modeling approach to predict fatigue damage in
structures subjected to moving PSD loading conditions. The cumulative fatigue damage for a
specific structure was generated based on Miner’s rule with non-Gaussian random input. The
model was validated by FEA using the ANSYS commercial software package.

1.5

Assumptions

This study makes the following assumptions:


The testing material used in this study is considered isotropic and homogeneous. Only
elastic deformation is considered, and thus irreversible deformation processes are not
included.



The sweeping rate for the narrowband is uniform within all frequency ranges with a unit
of Hz/sec.



FEA conducted using ANSYS software package can replace the shaker table to estimate
the fatigue life cycle time for engineering components.



The simulation process has no undetectable error or malfunction and can obtain reliable
results.
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1.6

Limitations

The limitations of this study are as follows:


This study focuses only on an SDOF system.



The prediction of fatigue lifetime is not accurate because the real working environment
cannot be simulated precisely. The goal of this proposed method is to provide a more
accurate prediction approach.



This study uses only the Rayleigh distribution as the stress distribution applied to
structures.

1.7

Delimitations

The delimitations of this study are as follows:


This study does not focus on multiple degrees of freedom systems.



There are many ways to enhance the accuracy of fatigue life prediction; however, this
study uses only moving PSD and not static PSD to simulate highly accurate working
conditions.



This study does not consider a normal distribution or other distributions as the stress
distribution applied to structures.

1.8

Summary

This chapter has provided an overview of the study and the significance of the research to
be performed, as well as an outline of the researcher’s focus.
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REVIEW OF LITERATURE

2.1

Introduction

Many engineering components experience vibration loadings. Fatigue failure is the most
common type of failure induced during dynamic loadings. Since the 19th century, engineers have
explored the phenomenon of fatigue damage. Substantial scientific experience and the fatigue
failure observed during World War II led to a dramatic evolution of the field of fatigue damage.
Fatigue failure of a single component or part may lead to complete failure of the system or
machinery. To prevent the fatigue failure phenomenon, fatigue damage testing has evolved
considerably over the past few decades. Engineers began using vibration testing on shaker tables
to simulate dynamic environmental loadings (Hoksbergen, 2014).
Vibration tests have been studied for over a hundred years, but new testing methods and
theories have been developed based on technological developments in other areas. Structures and
components are used in increasingly complex and critical places. For example, in helicopters, the
joint between the airscrew and body is vulnerable due to the high-speed rotation of the screw and
the uncertain turbulence. Improved modeling for testing the structure under extreme working
conditions is needed.
To develop a new numerical damage modeling method for vibration testing, researchers
need to have the necessary vibration knowledge and the ability to perform finite element
modeling. The necessary factors to initiate a vibration test are the natural frequency of the
measured objects, the system response behavior, and the input signal to drive the vibration test.
In general, the natural frequency of the measured objects is known or can be easily measured by
testing its resonance frequency. The system behavior is usually described as a simplified space
model comprising the mass, one or more springs, and damping. The input signal is usually in the
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time domain, which can either be built by collecting realistic vibration data or retrieved from
environment excitation PSD. Moreover, the composition of the represented excitations from the
loading is an essential factor that determines the response stress applied to the structure for
fatigue life prediction. Statistical approaches are used to determine how to adjust the response
stress. The most important step in validating the accuracy of the modeling is to count the actual
cyclic stress applied to the structure. The two most commonly used methods are introduced in
this chapter.

2.2

Random Vibration Analysis

A random vibration signal consists of a series of frequencies, which can be represented as
a scattered and unsystematic wave in the time domain, as shown in Figure 2.1. Adjusting or
analyzing a random signal in the time domain is difficult and tedious. The random testing signal
collected from the actual working conditions can only be used to drive the vibration test directly
until the Fourier Transform has been developed. The Fourier Transform builds a bridge between
the time domain and frequency domain. According to the Fourier Transform, every time signal
can be described as a combination of a series of sine and cosine functions, as shown in Figure
2.2.

7

Figure 2.1 Random signal in the time domain (Wang, R. J., and Shang, D. G. 2009)

Figure 2.2 Fourier transform (Bocconi Students Investment Club, 2016)
The mathematical formulation of the Fourier transform is presented in equation 2.1:
∞

𝑎0
F(t) =
+ ∑(𝑎𝑛 cos 𝑛𝑤𝑡 + 𝑏𝑛 sin 𝑛𝑤𝑡)
2

(Eq. 2.1)

𝑛=1

where

2

0

an = ∫𝑇 𝐹(𝑡) cos 𝑛𝑤𝑡 𝑑𝑡 𝑛 = 0,1,2 …
𝑇
2 0
bn = ∫ 𝐹(𝑡) sin 𝑛𝑤𝑡 𝑑𝑡 𝑛 = 0,1,2 …
𝑇 𝑇

(Eq. 2.2)

PSD is the most common way to express a random signal in the frequency domain. PSD
is an expression of the normalized density of the mean square amplitude of the frequency domain
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signal, which is the combination of infinite sine and cosine waves. When generating the PSD
from the time domain signal, all force phase is lost. Thus, no force information can be retrieved
from the PSD, and the unit of the PSD is usually expressed as

, which has no physical

meaning. Although the PSD contributes nothing to the evaluation of the magnitude of the stress,
the root mean square (RMS) of the area under the PSD between specific frequency ranges
expresses the response of the system.
In the frequency domain, positive PSD is defined as G(f), with f denoting the frequency.
Moments of PSD are customarily used to describe a stationary process. The form for the spectral
moment is defined as follows (Pothula, 2009):
∞

mi = ∫ 𝑓 𝑖 𝐺(𝑓)𝑑𝑓

(Eq. 2.3)

0

where 𝑚𝑖 is the ith spectral moment. In fatigue analysis, the first four moments are normally
used to compute the required variables.
The expected peak frequency number 𝑣𝑝 and the expected positive zero-crossing number
𝑣0 are defined as follows (Mrsnik, Slavic, and Boltezar, 2012):
𝑚4
𝑚2

vp = √

2.3

𝑚2
𝑚0

𝑣0 = √

(Eq. 2.4)

Accelerated Test

Using the Fourier Transform, signals collected from the environment can be easily
adjusted and edited. Engineers are beginning to apply vibration tests in several areas of machine
design. However, to test the durability of the structures or components, the measured objects
need to be tested through their entire working lifetime. For some high-cycle-lifetime
components, such as a cantilever beam, the testing cycle can last up to 107 times. The vibration
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test under normal environmental loading conditions could last a few months in the laboratory,
which is prohibitive in terms of time and cost for the design of most engineering components and
machinery. To reduce the time and cost, accelerated fatigue testing has been developed and is
commonly used in the automotive and aerospace industries (Rotem, 2010). The applied stress or
strain levels are amplified by equivalent fatigue damage so that the test time can be compressed
into an acceptable range. Under accelerated testing, the applied dynamic loadings are more
severe than the normal vibration test conditions experienced during service, and the fatigue life
prediction can be obtained by adequately scaling the test results. Generally, the vibration profiles
for the accelerated test can be obtained from either the time domain signal or the frequency
domain signal. However, as mentioned above, the frequency domain signal is superior for
engineering use.
Ozsoy, Mehmet, and Suat (2008) developed an accelerated fatigue life testing method for
aerospace structural components. The accelerated vibration profile was generated from
accelerated PSD data. By increasing the PSD, a 12,000-hour operational time frame was
compressed into four-hour testing, which tremendously decreased the test time and associated
cost. David (2011) proposed a time-compressed vibration test characterized by the mean value of
the response PSD. The root mean square acceleration (GRMS), which is the square root area
under the response PSD, was used to express the intensity of the vibration test. Xu, Yan, and
Qiong (2011) proposed an approach for rebuilding the time signal from the frequency domain
data based on wavelet analysis, clustering algorithm, and Fourier analysis. This approach
enabled the load data transformation between road and laboratory tests. Eldogan and Cigeroglu
(2014) used a white noise random input to drive the vibration fatigue testing for a cantilever
beam. The calculation of the fatigue life was performed using both the time domain and
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frequency domain approaches. The two methods generated similar results under a changing
damping ratio. Several practical and useful methods have been developed to predict the fatigue
life of the majority of industrial components. With the rapid development of science and
technology, engineering systems and structures are utilized in more complex environments, and
the tolerance of fatigue life predictions has become stricter. More factors should be considered to
improve the accuracy of fatigue life prediction methods.

2.4
2.4.1

Space Models

Single-degree-of-freedom System

The SDOF model is used to describe simple structures or simplify complex structures.
The mass represents the testing structure, and the structure is excited by disturbances to the
massless support. The model of a base-excited SDOF is presented in Figure 2.3. The basic
equation of the damped SDOF is the equation of the base-excited linear harmonic oscillator
shown in equation 2.5:
mẍ + 𝑐(𝑥̇ − 𝑦̇ ) + 𝑘(𝑥 − 𝑦) = 0
where

is the mass of the system, and c and k are the dampings and elastic constant,

respectively, of the SDOF system.

Figure 2.3 Single-degree-of-freedom (SDOF) system

(Eq. 2.5)
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2.4.2

Multiple-degrees-of-freedom System

Beginning with single-axis vibration testing driven by sinusoidal signals, vibration testing
based on random loadings aims to reproduce a realistic vibration spectrum. Advancements in
electronic and mechanical systems have led to the development of fatigue test systems. The use
of multiaxial loading excitation in laboratory testing increased significantly in the 1990s because
of the abundant use of complex components in the aerospace and military fields. In modern
vibration testing, a multi-axis shaker table is frequently used to more accurately simulate the
actual operating environment (Habtour et al., 2014; Steinwolf, 2010).
As indicated by its name, a multiple-degrees-of-freedom system has more than one mass,
spring, and damping. The mathematical expression of a multiple-degrees-of-freedom system can
be written as:
Mẍ + 𝐶(𝑥̇ − 𝑦̇ ) + 𝐾(𝑥 − 𝑦) = 0

(Eq. 2.6)

where M, C, and K are the matrices of the mass, spring, and damping respectively.
Equation 2.6 can also be expressed as equation 2.7:
𝑚1
[ ⋮
0

⋯ 0
𝑥̈ 1
𝑐1
⋱
⋮ ]( ⋮ ) + [ ⋮
⋯ 𝑚𝑛 𝑥̈ 𝑛
0

⋯ 0 𝑥̇ 1 − 𝑦̇ 1
𝑘1
⋱ ⋮ ]( ⋮ ) + [ ⋮
⋯ 𝑐𝑛 𝑥̇ 𝑛 − 𝑦̇𝑛
0

2.5

⋯ 0 𝑥1 − 𝑦1
0
⋱ ⋮ ] ( ⋮ ) = ( ⋮ ) (Eq. 2.7)
⋯ 𝑘𝑛 𝑥𝑛 − 𝑦𝑛
0

Stress Probability Distribution

Early research studies mainly concentrated on applying stationary Gaussian loadings,
either in time-based vibration tests or frequency-based fatigue life analyses. Researchers have
employed several approaches to address the lack of nonstationary applications of vibration tests.
Peter and Stefan (2015) proposed that even the error in Gaussian fatigue life prediction is
acceptable as long as the deviation is small. However, a systematic approach taking into account
non-Gaussian distributions on fatigue loadings remains to be developed. Even a small error may
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lead to significant deviations in fatigue damage, which is unacceptable from the perspective of
safety and reliability. Kihm, Ferguson, and Antoni (2015) developed a kurtosis-controlled
approach by using high-kurtosis, non-Gaussian signals to improve the accuracy of fatigue life
prediction. The results suggested that nonstationary excitation causes greater fatigue damage
than stationary excitation under the same RMS and kurtosis values. Benasciutti and Tovo (2006)
applied non-Gaussian random loadings to fatigue life prediction. The authors compared the
estimates obtained with Gaussian loading or non-normality loadings. Non-Gaussian loading
greatly affected fatigue life and cycle distribution according to time domain calculation theory.
The significance of applying non-Gaussian loadings has been proved, and the method of using
non-Gaussian loadings has been developed.
2.5.1

Lognormal Distribution

The lognormal distribution is a continuous probability distribution of a random variable
whose logarithm is normally distributed. The lognormal distribution is frequently used in fatigue
damage analysis is because of the availability of a closed form mathematical formulation.
The probability density function of Weibull Distribution is defined as equation 2.8:
(ln 𝑥 − 𝜇)2
1
1
fX (𝑥) = ∙
exp (−
)
𝑥 𝜎√2𝜋
2𝜎 2

(Eq. 2.8)

where µ and σ are, respectively, the mean and standard deviation of the lognormal distribution.
The plot of the Lognormal Distribution shown in figure 2.4.
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Figure 2.4 Lognormal Distribution when µ = 1
2.5.2

Weibull Distribution

The probability density function of Weibull Distribution is defined as equation 2.9:
𝑘 𝑥 𝑘−1
𝑥 𝑘
(
)
exp
(
) )𝑥≥0
(−
f(x; λ, k) = { 𝜆 𝜆
𝜆
0
𝑥<0

(Eq. 2.9)

where k is the shape parameter, and the λ is the scale parameter.
Weibull Distribution is widely used for modeling reliability data because it is easy to
explain and versatile. If x is representing the time to failure, the shape parameter k can be used to
describe the failure rate. When k is less than one, the failure rate of the structure is decreasing
over the time. When k equals to one, the failure rate is a constant number. Moreover, when k is
greater than one, the failure rate will keep rising.
The plot of the Weibull Distribution shown in figure 2.5.
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Figure 2.5 Weibull Distribution when λ = 1
2.5.3 Rayleigh Distribution
When the shape parameter of Weibull Distribution is 2, it is called Rayleigh Distribution.
Rayleigh distribution is a stationary narrowband Gaussian process, which has the expectation
equals to 0 and variance equal to sigma square. As for narrowband random stress, the
instantaneous stress obeys. Gaussian distribution and “the positive envelope of the stress peaks
has a Rayleigh PDF” (Lambert, 1976).
The probability density function of Rayleigh Distribution is defined as equation 2.10:
f(x) =

x
−𝑥 2
exp
(
)
σ2
2𝜎 2

(𝑥 ≥ 0)

The plot of the Weibull Distribution shown in figure 2.6.

(Eq. 2.10)
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Figure 2.6 Rayleigh Distribution when σ = 1
2.6

Spectral Fatigue Damage Analysis Methods
2.6.1

Fatigue Reliability

Fatigue failure is the result of the cumulative effect of cyclic loadings. Manson and
Halford (1981) proposed their fatigue damage estimation model based on experiments. The
Manson–Halford model is defined as:
2 0.4

α
𝑛 3𝑁
d= =( )
A
𝑁

(Eq. 2.11)

where d is the cumulative damage after n cycles under constant loading. This loading fails the
specimen in N cycles. α and A are the crack lengths caused by the cumulative cycle n and the life
cycle time N. A = 0.67𝑁 0.4 was determined by experiment.
Compared with the complex nonlinear model, Palmgren–Miner’s linear damage model is
used more widely (Burdzik & Radovan, 2012). The Palmgren–Miner model is defined as:
d=

n
N

(Eq. 2.12)
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where n is the number of cyclic loadings. This loading fails the specimen in N cycles.
To use the Palmgren–Miner model to estimate fatigue damage, the number of cycles 𝑛𝑖
under constant stress 𝑆𝑖 must first be counted. The life cycle time 𝑁𝑖 can be determined by
utilizing the S-N curve for the specific material. Equation 2.12 is used to calculate the
cumulative damage 𝑑𝑖 . The equivalent damage is calculated by summing the cumulative damage
𝑑𝑖 under all constant stress 𝑆𝑖 as:
D = ∑ 𝑑𝑖 = ∑
𝑖

𝑖

𝑛𝑖
𝑁𝑖

(Eq. 2.13)

The expected damage for a linear damage model is defined as:
v0 T ∞ 𝑏
E(D) =
∫ 𝑠 𝑓𝑆 (𝑠) 𝑑𝑠
C 0

(Eq. 2.14)

where 𝑣0 is the zero-mean up-crossing rate, T is the time duration, C and b are parameters to
determine the S-N curve (N𝑆 𝑏 = 𝐶), and 𝑓𝑆 (𝑠) is the probability distribution function of the peak
stress loading.
According to equation 2.14, if the expected fatigue damage is equal to or greater than one
after time duration T, the structure is assumed to have failed.
For a zero-mean Gaussian narrowband process, the probability distribution function of
the peak stress loading 𝑓𝑆 (𝑠) is defined as the Rayleigh distribution (Wirsching, Paez, and Ortiz,
1995):
fS (𝑠) =

𝑠
𝑠2
exp
(−
)
𝜎𝑋2
2𝜎𝑋2

where 𝜎𝑋2 is the variance of the Gaussian process.

(Eq. 2.15)
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For a zero-mean Gaussian wideband process with irregularity factor α =

𝑣0
𝑣𝑝

, the

probability distribution function of the peak stress loading 𝑓𝑆 (𝑠) is defined by the Rice formula
(Madsen, Krenk, and Lind, 2006):
fS (𝑠) = (1 − 𝛼 2 )

1
√2𝜋(1−𝛼 2 )𝜎𝑋

exp (−

2.6.2

𝑠2
2
2(1−𝛼 2 )𝜎𝑋

) + 𝛼Φ (

𝛼
√1−𝛼 2

𝑠
𝜎𝑋

)

𝑠
2
𝜎𝑋

exp (−

𝑠2
2
2𝜎𝑋

)

(Eq. 2.16)

Frequency Domain Methods

2.6.2.1 Narrowband Methods and Corrections
In 1964, Bendat proposed a narrowband method based on the first four moments of the
PSD for fatigue damage estimation. The expected damage is defined as follows:
E(D) =

v0 𝑇 ∞ 𝑏 𝑆
𝑆2
∫ 𝑆 (
exp (−
)) 𝑑𝑆
𝐶 0
4𝑚0
8𝑚0

(Eq. 2.17)

where 𝑣0 is the zero-mean up-crossing rate, T is the time duration, C and b are parameters to
determine the S-N curve (N𝑆 𝑏 = 𝐶), and 𝑚0 is the spectral moment.
The narrowband method is modified by substituting equation 2.15 into equation 2.14.
This method is valid only for narrowband data because it assumes that the probability density
function (PDF) of the stress loading amplitudes is equal to the PDF of the peaks. To improve the
narrowband method, Wirsching and Hancock (Bishop, 1999) each proposed correction methods.
The Wirsching method is defined as:
E(D)WB = 𝜖 ∙ 𝐸(𝐷)𝑁𝐵

(Eq. 2.18)

ϵ = 𝑎𝑊 (1 − 𝑎𝑊 )(1 − 𝜆)𝑏𝑊

(Eq. 2.19)

where ε is the alternative irregularity factor determined from Monte Carlo simulation, and the
best fitting of 𝑎𝑊 and 𝑏𝑊 are:
𝑎𝑊 = 0.0926 − 0.033 m
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(Eq. 2.20)

bW = 1.587𝑚 − 2.323
Hancock proposed that the equivalent stress should be defined as:
1

Seqv = 2√2𝑚0 [𝛾Γ(1 + 0.5𝑚)]𝑚

(Eq. 2.21)

2.6.2.2 Dirlik Method
In 1985, Dirlik proposed his fatigue damage estimation method. The Dirlik method
employs a closed-form expression based on Monte Carlo simulations of the stress amplitude
(Mrsnik, Slavic, and Boltezar, 2012). One exponential probability density and two Rayleigh
probability densities are combined in the Dirlik method to summarize the stress loading
amplitude distribution. The closed-form expression of the Dirlik method is defined as follows
(Monica, 2016):
E(D) = ∑
𝑖

𝑝(𝑆𝑖 )𝑣𝑝 𝑇𝑑𝑆
𝑛𝑖
=∑
𝑁𝑖
𝑁𝑖

(Eq. 2.22)

𝑖

where T is the time duration, 𝑣𝑝 is the expected peak occurrence frequency number, and the
stress amplitude PDF function p(S) is determined by:
2

2

Z
D1 −QZ D2 −Z2
e + 2e
+ D3 Ze− 2
Q
R
p(S) =
2√m0

where
γ=

m2
√m0 m4

Xm = (

Z=

𝑚1 𝑚2
)√
𝑚0 𝑚4
S
2√m0

(Eq. 2.23)
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2(𝑋𝑚 − 𝛾 2 )
D1 =
1 + 𝛾2
D2 = 1 − 𝛾 − 𝐷1 +

𝐷12
1−𝑅

D3 = 1 − 𝐷1 − 𝐷2
γ − Xm − 𝐷12
R=
1 − γ − D1 + D12
Q=

5(γ − D1 − D2 R)
4D1

2.6.2.3 Bands Method
During 2015, Braccesi et al. proposed a damage estimation criterion called the bands
method. The basic assumption of this method is that a given PSD function relevant to stress
amplitude with both a narrowband and wideband can be divided into several bands. If the
divided bandwidth is sufficiently narrow, then each divided band can be summarized as the
Rayleigh distribution of stress amplitude. By adopting Palmgren–Miner’s linear damage rule, the
summed-up damage from each band is equivalent to summing the Rayleigh distribution
associated with each band (Braccesi et al., 2015).
The fatigue damage from the i-th divided band is defined as (Benasciutti et al., 2016):
b
2 2
(∑ 𝑑𝑖2 𝑏 )
𝑖
𝑛

E(D) =

(Eq. 2.24)

where
𝑏

di =

22
𝐶

𝑏

𝑏
2

Γ (1 + ) 𝑣0 𝜆0𝑖
2

(Eq. 2.25)

C and b are parameters for determining the S-N curve (N𝑆 𝑏 = 𝐶), 𝑣0 is the central frequency of
the i-th band, and 𝜆0𝑖 is the zero-order spectral moment for the i-th band.
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2.7

Summary

Despite considerable efforts, most frequency domain fatigue damage estimation methods
are limited to static PSD vibration inputs, which gives a conservative damage estimate depending
on the natural frequencies of the excited system. For some structures, such as jet engines or
tracked vehicles, the loading conditions in the operating environment cannot be simplified as
stationary PSD. During encounters with turbulence in severe climates or driving in a jungle on
uneven terrain, the kurtosis of the input PSD is not restricted to several fixed frequencies but
keeps changing according to a certain law because of the complex working conditions. As
mentioned in Allied Environmental Condition and Test Publications (NATO/PFP
UNCLASSIFIED, 2006), a tracked vehicle works under a complicated random vibration
working environment. Because of the interaction of the track with the ground surface, road
wheels, and the vehicle drive sprockets, a high kurtosis swept narrowband is needed to simulate
the actual working conditions of tracked vehicles. The fatigue life prediction would be incorrect
if the moving PSD stimulation parts were ignored because the moving kurtosis can occasionally
match the resonance frequencies in the real working environment and cause enormous damage.
Fatigue life prediction for structures subjected to severe environmental conditions remains
challenging because there is no general acceptance of including moving PSD loading conditions.
Therefore, it is necessary to develop a new method of using moving PSD to simulate the real
working environment to enhance the accuracy of fatigue life cycle prediction.
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RESEARCH METHODOLOGY

To estimate the structure fatigue life cycle time, a fatigue damage modeling approach
based on moving PSD is proposed. In this chapter, the specific steps of the modeling algorithm
are introduced. The method of validating the modeling by FEA is also provided.

3.1

Introduction

Vibration testing is a significant stage in industrial manufacturing. Vibration tests are
used to test the reliability and durability of components or parts that work under stable or
unstable working situations. With advances in technology, an increasing number of structures
and components are working under very complicated conditions, including complex mechanisms
such as those found in car or jet engines. Several rotating components working together
dependently or independently generate a complex vibration environment for the remaining
structures or components.
Caterpillar-tracked vehicles are a typical example of structures subjected to swept PSD
excitation. Caterpillar-tracked vehicles are designed to travel on rugged roads. The tracked
vehicle can only apply more drive torque on one side of the caterpillar and less on the other side
to change its direction. Thus, a tracked vehicle has two or more drivetrain systems to fulfill its
steering requirements.
All rotating components emit a specific amplitude response, and the response will change
along with the change in the speed of rotation. On a tracked vehicle, the majority of the vibration
comes from the rotating components in the engine and the contact between the rough road and
caterpillar band. At least three high-amplitude responses are emitted from the engine and
drivetrains when the tracked vehicle attempts to steer. The revolutions per minute (rpm) of the
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engine change continuously in response to the pavement behavior and the driver’s demand.
Therefore, the frequency of the vibrations originating from different components change
continuously as well.
Thus, the working condition of caterpillar-tracked vehicles cannot be described as a
stationary random process or even sinusoidal vibration. The dominant vibration sources should
be taken into consideration to simulate the real working condition. However, the rpm of the
engine changes very fast and frequently and seldom remains stable for a long time. The rpm of a
caterpillar-tracked vehicle's engine typically varies within a relatively stable range of
approximately 500 rpm to 2000 rpm. Hence, the vibration frequency of the engine is also limited
to a stable range and continues to change within that range. Thus, when simulating the working
conditions of tracked vehicles, it is best to use one low-amplitude stable wideband to simulate
the vibration from the rough road and other slowly changing vibration sources and use several
high-amplitude swept narrowbands to simulate frequently changing vibration sources, such as
the engine.
This thesis proposes a new method to simulate the working conditions for components
that work under changing-frequency vibration environments and to calculate their fatigue
damage.

3.2
3.2.1

Computational Model
Modeling Algorithm

Within this thesis, the material on sponsons or installed in the hull for a heavy vehicle in
the transverse axis is considered. Three swept narrowbands are combined with one static
wideband as the input PSD according to AECPT-400, and cumulative fatigue damage theory is
used to calculate the estimated fatigue life.
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A given input sweeping PSD was divided into 145 PSD positions. Then, the response
PSD positions were calculated by using the transmissibility ratio. According to the bands
method, each response PSD position was sliced into 1 Hz bandwidth segments. Moreover, the
stress distribution of each response PSD segment follows the Rayleigh distribution because the
bandwidth is sufficiently narrow to be considered a narrowband process. The cumulative fatigue
for each response PSD segment is then obtained by using the stress-life method (S-N method).
According to the cumulative fatigue damage rule, the FDI for each PSD position can be obtained
by summing the FDI values of each bandwidth segment. The overall FDI for sweeping PSD can
be calculated following the same rule by summing the FDI values of each PSD position.
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Figure 3.1 Modeling algorithm overview
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Figure 3.2 FDI calculation procedure for a single narrowband PSD segment
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Figure 3.3 General FDI calculation procedure
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3.2.2

Modeling of FDI Calculation

3.2.2.1 Testing Input PSD
In this thesis, the test parameters are based on a reference from AECTP-400. The
vibration spectrum appears as a swept narrowband on the wideband random process. There are
three swept narrowbands. The first swept narrowband sweeps from 20 Hz to 170 Hz; the second
sweeps from 40 Hz to 340 Hz; and the third sweeps from 60 Hz to 510 Hz. During the sweeping,
when the center of the first narrowband reaches its lowest frequency, the lower edge of the first
narrowband coincides at 20 Hz. Moreover, when the center of the third narrowband reaches its
highest frequency, the higher edge of the third narrowband coincides at 510 Hz. Recalling the
assumptions in Chapter 1.5 to reduce the computational intensity of the method, the moving rate
was simplified as 1 Hz/sec for the first narrowband, 2 Hz/sec for the second narrowband, and 3
Hz/sec for the third narrowband.
The total modeling simulation was simplified as two sweeping cycles. Each cycle
includes one sweep from the lowest sweep range edge to highest sweep range edge, followed by
one sweep going back. For instance, the frequency range of the first narrowband is from 20 Hz to
170 Hz with a bandwidth of 5 Hz. The sweeping range of the lower edge of the first narrowband
is 20 Hz to 165 Hz. The lower edge of the first narrowband sweeps from 20 Hz to 165 Hz and
then back to 20 Hz, which is counted as one sweeping cycle. All three narrowbands follow the
same sweeping rule. Recall that the moving rate for the first narrowband is 1 Hz/sec. One sweep
from the lowest edge to highest edge takes 145 seconds. Consequently, the sweeping narrowband
can be divided into 145 independent PSD positions. If the input sweeping PSD is defined as
Gxx (𝜔), then the relationship between the input sweeping PSD and the PSD position is defined
as:
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𝑛

Gxx (𝜔) = ∑ Gxxi (𝜔)

(𝐸𝑞. 3.1)

𝑖=1

where Gxxi (𝜔) is the function of the PSD position and n = 1, 2, …, 145.
As the input PSD continues sweeping, each PSD position will excite the structure every
145 seconds. If the testing time is T seconds, then each PSD position will excite the structure
T/145 times, and the excitation will last one second each time. This process is equivalent to each
PSD position exciting the structure one time, where the excitation lasts T/145 seconds. As noted
in AECPT-400, the overall testing time is four hours, and at least two sweeping cycles are
needed. To reduce the calculation intensity, the four-hour testing will be divided into two
sweeping cycles, and thus each cycle will last two hours. Each sweep from the lowest edge to the
highest edge will last one hour. Therefore, during one sweep, each PSD position will excite the
structure one time and last 1 × 3600 ÷ 145 = 24.83 seconds.
Detailed input PSD data are listed in Table 3.1. The initial PSD position and terminal
PSD position are shown in Figures 3.4 and 3.5.
Table 3.1 Heavy Vehicle Schedule Breakpoints (AECTP 400, 2006)
Wideband Random Spectrum
Frequency,
Hz
5
20
510
2000

Amplitude, 𝑔2 /
𝐻𝑧
0.001
0.01
0.01
0.001

Harmonic Swept Narrowbands
Narrowband
Bandwidth, Hz
Swept BW, Hz
Amplitude, 𝑔2 /𝐻𝑧
Moving rate, Hz/sec
# Cycles

f1
f2
f3
5
10
15
20-170 40-340 60-510
0.15
0.15
0.15
1
2
3
2
2
2
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Figure 3.4 Initial sweeping PSD position

Figure 3.5 Terminal sweeping PSD position
3.2.2.2 Transmissibility Ratio
For the proposed method, the testing structure is simplified as an SDOF system (shown in
Figure 3.6), which is also called a harmonic oscillator. The response function of a base
oscillation system depends on its physical properties and its external excitations and is usually
described as the motion of mass divided by the motion of its support (Crandall & William,
2014).
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Figure 3.6 Single-degree-of-freedom (SDOF) system
.

Response y

Excitation 𝑥̈

SDOF system

Figure 3.7 Block diagram of the excitation-response problem
If the motion of the support is defined as ẍ and the displacement of the mass is defined as
y, the relative displacement response is (x−y). The motion transmitted to the mass through the
damper and spring can be defined as:
m(ÿ − 𝑥̈ ) + 𝑐(𝑦̇ − 𝑥̇ ) + 𝑘(𝑦 − 𝑥) = −𝑚𝑥̈
which can also be written as:
mÿ + 𝑐(𝑦̇ − 𝑥̇ ) + 𝑘(𝑦 − 𝑥) = 0

(Eq. 3.2)

If the harmonic excitation is in a steady state, then the response is also steady at the same
frequency. Then, the excitation and the response in the frequency domain are defined as:
X(ω) = x(t)e−iωt

Y(ω) = y(t)e−iωt

Substituting equation 3.2 into equation 3.1, we obtain the solution:

(Eq. 3.3)
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𝜔n2 + 2ζωωn i
Y=
𝑋
−ω2 + ω2n + 2ζωωn i

(Eq. 3.4)

where c = ζccr = 2𝜁𝑚𝜔𝑛 , ω2n = 𝑘/𝑚, and we have defined β = ω/ωn .
Then, the transmissibility of the displacement can be written as equation 3.4:
Y
1 + 2𝑖𝜁𝛽
=
X 1 − 𝛽2 + 2𝑖𝜁𝛽

(Eq. 3.5)

With the zero-phase angle, the transmissibility ratio of the displacement can be written as
equation 3.5:
𝑌
1 + (2𝜁𝛽)2
Tr = | | = √
(1 − 𝛽 2 )2 + (2𝜁𝛽)2
𝑋

(Eq. 3.6)

Analogously, the velocity and acceleration transmitted from the support to the rigid mass
are given by the same equation:
𝑌 𝑌 𝑖𝜔
𝑌 𝑖𝜔 2
Tr = = ( ) = ( )
𝑋 𝑋 𝑖𝜔
𝑋 𝑖𝜔

(Eq. 3.7)

The transmissibility ratio changes as a function of the frequency ratio, as shown in Figure
3.8.
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Figure 3.8 Change in the transmissibility ratio as a function of the frequency ratio
3.2.3

Response PSD

The transmissibility ratio is the link between the input PSD and response PSD. The
transmissibility ratio can be used to calculate the response PSD from the input PSD by simply
multiplying the input PSD by the transmissibility, as shown in equation 3.6.
If the input excitation ẍ (𝑡) is denoted by Gxx (𝑓) and the output response y(t) is denoted
by Gyy (𝑓), the relationship between Gxx (𝑓) and Gyy (𝑓) is defined as follows (Crandall &
William, 2014):
Gyy (𝑓) = 𝑇𝑟2 𝐺𝑥𝑥 (𝑓)

(Eq. 3.8)

Identical to the input PSD, the response PSD is divided into response PSD positions. The
response PSD is defined as:
Gyy (𝑓) = ∑ Gyyi (𝑓)

(Eq. 3.9)

𝑖

where Gyyi (𝑓) is the function of the response PSD position.
Substituting equation 3.1 and equation 3.9 into equation 3.8, the response PSD is defined
as:
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Gyy (𝑓) =

∑ 𝑇𝑟2 𝐺𝑥𝑥𝑖 (𝑓)
𝑖

1 + (2𝜁𝛽)2
=∑
𝐺 (𝑓)
(1 − 𝛽 2 )2 + (2𝜁𝛽)2 𝑥𝑥𝑖

(𝐸𝑞. 3.10)

𝑖

The response PSD is the measurement of the response in the frequency domain and
shows how the energy is concentrated in each frequency. In contrast to the sine wave test, where
only one frequency excites the structure, in the PSD input test, several frequencies excite the
structure simultaneously. To obtain the actual energy level of the random process, the root mean
square (RMS) acceleration was employed to represent the mean value of the PSD input.

Figure 3.9 Response sweeping PSD in the initial and terminal positions
The RMS acceleration describes a value as the square root of the area under the
acceleration time curve. The mean square acceleration also represents the average of the square
of the acceleration over frequency, according to Parseval's theorem, which shows the unitary
relationship between frequency domain and time domain. Specifically, when analyzing a set of
data of PSD vs. time or PSD vs. frequency, square the data and then calculate the average value
for this squared acceleration over the time domain or frequency domain; this is the mean square
acceleration. When using gravitational acceleration g as the unit, root mean square acceleration
is also known as GRMS. The GRMS value represents an integral of the squares of the
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instantaneous value of a continuously varying function. In response to PSD, the GRMS shows
the average acceleration amplitude of the excitation.
Based on the Wiener–Khintchine theorem, the average acceleration amplitude of the
excitation over the entire frequency range GRMS for each response PSD position is defined as:
𝑓𝑢

Grmsi = √∫ 𝐺𝑦𝑦𝑖 (𝑓)𝑑𝑓

(Eq. 3.11)

𝑓𝑙

where 𝑓𝑢 , 𝑓𝑙 are the upper and lower frequency limits of 𝐺𝑦𝑦𝑖 (𝑓).
3.2.4

Stress Distribution

3.2.4.1 Bands Method
Braccesi et al. proposed the bands method in 2015. According to this method, if the
wideband is split into several segments that are sufficiently narrow, the wideband can be treated
as the combination of the narrowband segments based on the damage combination rule, and the
stress distribution will follow the Rayleigh distribution. The general procedure of the bands
method is shown in Figure 3.10. Assume the given PSD G(ω) is the combination of narrowband
and wideband processes. Then, the given PSD is divided into PSD segments of narrow
(infinitesimal) width dω. Each segment represents a narrowband PSD Gj (𝜔) with the central
frequency located at frequency ωj . The PSD decomposition, therefore, transforms the given PSD
G(ω) into an infinite set of PSD segments Gj (𝜔), where j= 1, 2, … (Benasciutti et al., 2016). The
fatigue damage of each PSD segment 𝐺𝑗 (𝜔) can be calculated on the basis of the Rayleigh
distribution.
If the given input PSD is divided into j segments, each j-th segment is characterized by a
centroid frequency 𝑓𝑗 . Each narrowband random process segment has a different cyclic time. To
simplified the calculation, the centroid frequency 𝑓𝑗 is moved to an arbitrary reference segment,
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that is to a reference centroid frequency 𝑓𝑟𝑒𝑓 (Braccesi, Cianetti, & Tomassini, 2014). By
operating this performance, j independent narrowband processes, which have the same centroid
frequency 𝑓𝑟𝑒𝑓 , are obtained.
The PSD utilized in this thesis is provided in Chapter 3.2. To simplify computational
modeling and reduce the computational intensity, each PSD position is sliced into 1 Hz
bandwidth segments. The frequency range of the wideband is 5 Hz to 2000 Hz, and the
narrowbands sweep within the wideband range. Then, the GRMS value of each PSD segment is
defined as:

𝑓𝑢

𝐺𝑟𝑚𝑠 𝑖,𝑗 = √∫ 𝐺𝑦𝑦𝑖,𝑗 (𝑓)𝑑𝑓

(Eq. 3.12)

𝑓𝑙

Braccesi, Cianetti, & Tomassini (2014) proposed that for narrowband random process,
the cyclic time of the random stress is equal to the frequency 𝑓𝑗 . The equation 3.12 yields:

𝐺𝑟𝑚𝑠𝑖

𝑓𝑟𝑒𝑓
= √∑ (
)
𝑓𝑗
𝑗

2𝛽

𝑓𝑢

∫ 𝐺𝑦𝑦𝑖,𝑗 (𝑓)𝑑𝑓

(Eq. 3.13)

𝑓𝑙

where 𝑓𝑟𝑒𝑓 is the reference centroid frequency, 𝑓𝑗 is the centroid frequency for each PSD
segment, β is the S-N curve slope.
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Figure 3.10 Narrowband decomposition of a given PSD
3.2.4.2 Rayleigh Distribution
The Rayleigh distribution plays a significant role in the modeling of fatigue damage
estimates. The Rayleigh distribution has received extensive attention in different modeling
process fields for lifetime modeling, such as the tubes used for marine drilling platforms. This
distribution is commonly observed when the overall magnitude of a vector is related to the
directional components. Importantly, the failure rate of the Rayleigh distribution is a linear
function of time.
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The sweeping PSD, which includes three sweeping narrowbands and one stationary
wideband, was employed as an input signal in the testing. For the typical narrowband stress
process, the stress distribution has a Gaussian PDF. However, the positive peak of the stress
amplitude will appear as a Rayleigh PDF, which is not symmetrical, and the mean value is not
equal to one. The Rayleigh distribution can be used to describe the median and instantaneous
peak stress, which is the narrowband in use (Zarrin, Kamal, & Saxena, 2012).
The Rayleigh distribution is defined as:
f(x) =

x
−𝑥 2
exp
(
)
σ2
2𝜎 2

(𝑥 ≥ 0)

(Eq. 3.14)

Typically, the random variable x of the Rayleigh distribution is divided into 5𝜎 ranges.
The probability distribution of each sigma range is provided in Table 3.2. For instance, 39.35%
of the peak stress value will be located in the 0 − 1𝜎 stress range in a narrowband stress process.
All response PSD narrowband segments 𝐺𝑦𝑦𝑖,𝑗 follow the same rule.
Within the kth sigma region, the lower sigma value is (k − 1)σ, and the higher sigma
value is kσ. The probability for each sigma region is then defined as:
𝑘𝜎

Pk = ∫

𝑥𝑓(𝑥)𝑑𝑥

(Eq. 3.15)

(𝑘−1)𝜎

where 𝑓(𝑥) is the PDF of the Rayleigh distribution and k = 1, 2, …, 5.
Table 3.2 Probability for each sigma region in the Rayleigh distribution
P1
P2
P3
P4
P5
0.3935 0.4712 0.1242 0.0108 0.0003
To obtain the peak stress value applied to the structure during the testing, a Rayleigh
centroid position is employed. The centroid position divides each sigma region into two parts
with the same area, i.e., the centroid position indicates the expectation value within each sigma
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region. For instance, one centroid position divides the 0−1σ region into two shadowed parts,
each of which has the same area under this PDF, as shown in Figure 3.11. The centroid position
μk is defined as:
𝜇𝑘

Eμk = ∫

𝑘𝜎

𝑥𝑓(𝑥)𝑑𝑥 = ∫ 𝑥𝑓(𝑥)𝑑𝑥

(𝑘−1)𝜎

(Eq. 3.16)

𝜇𝑘

Table 3.3 Position for each centroid point in the Rayleigh distribution
Centroid point
μ1
μ2
μ3
μ4
μ5
Expectation 0.64σ 1.44 σ 2.35 σ 3.28 σ 4.23 σ
The applied stress amplitude is therefore divided into five cases. For each case, the
expectation of the applied stress amplitude is σμk . The applied stress under each PSD segment,
therefore, is defined as:
Si,k = S1g ∙ 𝐺𝑟𝑚𝑠𝑖 ∙ 𝐸𝜇𝑘

(Eq. 3.17)

where S1g is the 1G stress of the structure and Eμk is the expected stress level at centroid point
μk .

Figure 3.11 Centroid of the Rayleigh Distribution
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3.2.5

Fatigue Life Estimation

3.2.5.1 Stress Lifetime Method
For all materials with linear properties, the fatigue lifetime will vary under different
applied stress amplitudes. If the applied stress is lower than the fatigue limit’s stress, the
structure or material is said to have an infinite life cycle. As the stress become greater than the
fatigue limit’s stress, the cycle times decrease. This characteristic is typical of steel and titanium
under benign conditions.
The stress-life curve is also called the Wohler S-N curve, which represents the
relationship between the applied stress amplitude and the number of cycles to failure. Basquin
(1910) found that the S-N curve could be plotted linearly on a log-log scale. The S-N curve
shows the relationship between the applied stress amplitude and the number of cycles to failure.

Figure 3.12 S-N curve
For practical applications, the S-N curve is usually plotted as a straight line on a log-log
scale. Then, the relationship in this idealized S-N curve (see Figure 3.12) can be defined
according to Basquin’s equation, which is shown as equation 3.18:
NSb = 𝐶

(Eq. 3.18)
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where N is the number of cycles to failure, S is the stress amplitude, b is the slope of the S-N
curve, and C is a constant corresponding to the material.
The S-N curve for aluminum 5052 is provided in Figure 3.13. Interpolation
approximation is used to determine the parameters in the S-N curve function. The life cycle time
of the structure under a certain applied stress is defined as:
−𝑏
Ni,k = 𝐶𝑆𝑖,𝑘

(Eq. 3.19)

Substituting equation 3.17 into equation 3.19 yields the following:
Ni,k = 𝐶(S1g ∙ 𝐺𝑟𝑚𝑠𝑖 ∙ 𝐸𝜇𝑘 )

−𝑏

(Eq. 3.20)

Figure 3.13 S-N Curves of different welding zones for aluminum 5052 (MUDASERULLAH et
al., 2013)
3.2.5.2 Miner’s Cumulative Damage Rule
Components in industrial usage are frequently applied with variable amplitude loadings.
Calculating the fatigue damage of the components is of great significance in designing such
components. When applied in reality, some structures are reliable when subjected to variable
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amplitude loadings, whereas others fail under constant amplitude loadings. To explain this
phenomenon, Miner proposed a criterion that has become known as Miner’s rule (Burdzik &
Radovan, 2012). According to Miner’s rule, the damage is simply related to loading cycles and
the characteristic amount of work. Therefore, the accumulation of damage leads to a linear
summation in the form of a damage fraction D. When the damage accumulates to D = 1, the
component fails. Miner’s cumulative damage rule can be defined by equation 3.19:
D = ∑ 𝑑𝑖 = ∑
𝑖=1

𝑖=1

𝑛𝑖
𝑁𝑖

(𝐸𝑞. 3.21)

where ni is the cyclic times of stress loading and Ni is the life cycle times to failure (Burdzik &
Radovan, 2012).
The number of cycles of stress n is the result of the motion of the base, which is the
vibration of the shaker table in the experiment. The value of the frequency is equal to the times
of stress applied to the structure in one second. The cycle time under the applied stress is defined
as:
n = 𝑓𝑟𝑒𝑓 𝑇

(Eq. 3.22)

where 𝑓𝑟𝑒𝑓 is the reference excitation’s frequency, and T is the time duration.
As mentioned previously, the resonance that occurs when the excitation frequency
matches the natural frequency produces massive damage to the structure. This damage is also the
critical damage we focused on for fatigue damage estimation. As shown in Figures 3.9 and 3.10,
the peak amplitude is located near the natural frequency in response to PSD. Thus, the natural
frequency of the system was used in equation 3.22. The time duration in equation 3.22 is the
frequency 𝑓𝑛 applied during the swept process. Because the input PSD continues to move and is
difficult to deal with, the entire moving process is divided into several PSD positions for
calculation.
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Under each PSD position, a stationary PSD was obtained. Along with the transmissibility
ratio, a stationary response PSD was obtained from the PSD position with equation 3.6.
According to the bands method proposed by Braccesi, Cianetti, Lori, and Pioli in 2015, each
response PSD position is sliced into 1 Hz bandwidth PSD segments. Each PSD segment is
characterized by one specific amplitude value under the unit of G and the 1 Hz bandwidth. Under
each response PSD segment, the GRMS value was acquired with equation 3.13. Then, five
different applied stresses were calculated for each of the PSD pieces within one PSD position
corresponding to the five-sigma range in the Rayleigh distribution. Thus, the number of cycles to
failure N for each PSD segment was obtained from equation 3.20.
Different sigma regions have different probabilities, as mentioned in Chapter 3.2.4. Thus,
the five different applied stresses for each PSD position have different applied times. For
instance, the applied stress with Eμ1 expectation will take effect during 39.35% of the time
duration. Therefore, the time duration, as well as the numbers of cycles for each applied stress n,
are defined as:
ni,k = 𝑓𝑟𝑒𝑓 𝑇𝑖 𝑃𝑘

(Eq. 3.23)

where 𝑓𝑟𝑒𝑓 is the reference excitation’s frequency, that is the natural frequency, of the structure
and 𝑇𝑖 is the excitation time duration for the i-th PSD position.
After n (number of cycles of applied stress) and N (number of cycles to failure) are
obtained, the fatigue damage index for each of the PSD pieces is calculated using equation 3.21.
According to Miner’s rule, the fatigue damage index for each PSD position can be summed as
one final result by adding all FDIs together. The FDI value of each PSD position will be obtained
by summing the FDI values calculated from the PSD segments. Moreover, the overall FDI value
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is equivalent to the sum of the FDI values of each PSD position. Thus, equation 3.21 yields the
following:

D = ∑∑
𝑖

3.3

𝑘

𝑓𝑟𝑒𝑓 𝑇𝑖 𝑃𝑘
𝐶(S1g ∙ 𝐺𝑟𝑚𝑠𝑖 ∙ 𝐸𝜇𝑘 )

−𝑏

(Eq. 3.24)

Finite Element Model

To validate the modeling approach proposed in the previous sections, a simple bracket
was designed. FEA was performed on the bracket to obtain the fatigue damage index. This
section introduces the setup of the modeling, including the testing bracket geometry, boundary
conditions, and loadings. Static analysis, modal analysis, and spectral analysis were performed.
The 1G stress value, critical fatigue position, and response acceleration PSD were generated
using FEA. The fatigue damage index was calculated based on the results obtained from the
FEA.
3.3.1

Finite Element Modeling

As discussed in Chapter 3.1, this study uses data for heavy-duty truck testing, which is
mainly for testing a structure placed on a sponson or installed in the hull. A parametric FE-model
was scripted in ANSYS software package. To reduce the computational intensity, the testing
structure was simplified as a customarily shaped bracket. The material of the bracket was
assumed to be aluminum 5052-H32, which is typically used for marine, aircraft, and failuresensitive structures. The material properties of aluminum 5052-H32 are listed in Table 3.4.
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Table 3.4 Material Properties of Aluminum 5052-H32 (Aluminum Association, 2015)
Yield Strength
Ultimate Strength
Modulus of Elasticity
Elastic Poisson’s Ratio
Density

193 MPa
228 MPa
70.3 GPa
0.33
2.68 g/mm3

The finite element modeling of the testing bracket was performed using ANSYS/APDL.
The bracket was expected to be mounted on the shaker table during the experiment. Four bolt
holes on the lower plane were therefore designed for mounting. To evaluate how changes in the
bracket affect the accuracy of the proposed computational method, more specimens were needed.
Two additional bolt holes were designed for adding extra weight and thus change the inherent
attributes of the bracket. The dimensions of the testing bracket were designed as shown in Figure
3.14. The 3D shape of the bracket is shown in Figure 3.15.

Figure 3.14 Dimensions of the testing bracket
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Figure 3.15 3D shape of the bracket

The bracket was mapped with a solid element for further static, modal and spectral
analyses. The solid element was employed for optimal calculation results and to reflect real
conditions. The bracket was meshed into four layers in the vertical direction to reflect the
metallic character of the material. The meshed bracket is shown in Figure 3.16. The mesh
properties and technical details are listed in Table 3.5.
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Figure 3.16 Mesh on the testing specimen
Table 3.5 Mesh setting for the testing bracket with a solid element
Mesh property
Element type
Mesh size (mm)
Element number
Node number

Value
Solid 186
1.5
43,968
212,597

As shown in Table 3.5, more than two million nodes were generated. For a solid element,
further computational analyses would be time-consuming and a waste of resources. Given that
the bracket was fabricated from a metal sheet of uniform thickness, the stress condition of the
bracket was simplified as the stress condition of the neutral surface. To decrease the
computational intensity, a shell element was used to replace the solid element in the finite
element modeling. The shell element model is shown in Figure 3.17.
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Figure 3.17 Finite element model of the shell element
To obtain an accurate and efficient solution, the mesh size is critical and should be
chosen carefully. Coarse meshing leads to inaccurate and even nonconvergent results. However,
excessive meshing will consume too much time and resources to solve the problem efficiently.
Based on the shape of the bracket, three meshing sizes were employed for the
convergence study. The meshing sizes were set as 1 mm, 3 mm, and 5 mm, except the stressconcentrated areas. The mesh size of the stress-concentrated areas was proportionally reduced to
obtain a better transition. Four bolt holes on the lower plane were fully constrained. The center
point of the top plane edge was subjected to a force of 100 N pointing in the negative Y
direction. The constraints and the applied stress are shown in Figure 3.18.
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Figure 3.18 Constraints and the applied stress
The von Mises stress contour solution for a 3-mm mesh size bracket is shown in Figure
3.19. All three von Mises stress contour results are provided in Figure 3.20. The convergence
trend of the von Mises stress solution is apparent, and the differences among the three meshing
sizes are negligible. To balance accuracy and efficiency, a mesh size of 3 mm was used for the
bracket mesh process. The mesh properties and technical details for the testing bracket are listed
in Table 3.6.
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Figure 3.19 The 5-mm mesh size von Mises stress solution

Figure 3.20 The 3-mm mesh size Von Mises stress solution
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Figure 3.21 The 1-mm mesh size von Mises stress solution
Table 3.6 Mesh setting for the testing bracket with a shell element
Mesh property
Element type
Mesh size (mm)
Element number
Node number

3.3.2

Value
Shell 63
3
4,104
4,311

Modal Analysis

The natural frequencies of the bracket are essential for fatigue damage estimation. When
the sweeping narrowband matches the natural frequency, the bracket will suffer the resonance
phenomenon. This phenomenon is responsible for the majority of the fatigue damage to the
bracket. Thus, modal analysis was employed to find the natural frequencies of the meshed
bracket.
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The testing bracket is expected to be mounted on the shaker as shown in Figure 3.22.
Moreover, an added weight was mounted on the bracket to adjust the natural frequency to meet
the requirement.

Figure 3.22 Mounted testing bracket
Three sweeping narrowbands were employed in the input PSD. If the natural frequency
of the bracket is higher than the initial position of the third narrowband, the bracket will suffer
three different types of resonance during the simulation testing. Similarly, if the natural
frequency of the bracket is higher than the initial position of the second narrowband, the bracket
will suffer only two different types of resonance. The fatigue damage becomes much more
serious if more resonance occurs. However, the severity of more resonance is unknown. To
assess the impact of different natural frequencies on the fatigue damage estimation, an additional
two different brackets were used in the simulation testing. The shape of the bracket remained the
same, but the natural frequency of the bracket was changed by adding weight on the top plane.
When considering the natural frequencies, the added weights and the bracket can be treated as a
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single composite part because the added weights were mounted on the bracket firmly. By adding
more weight to the bracket, the natural frequency will decrease according to equation 3.25:
𝑘
𝑚

ωn = √

ωd = 𝜔𝑛 √1 − 𝜁 2

(Eq. 3.25)

where k is the modulus of elasticity, m is the mass of the structure, and ζ is the damping ratio.
In finite element modeling, the shell element was employed, and thus no thickness or
mass could be added to the model. To solve this problem, the top plane of the bracket was
mapped with different density to reach different total masses. The parts with different densities
in the finite element model are shown in different colors in Figure 3.17.
3.3.3 Spectrum Analysis
Spectrum analysis is a method of calculating the structural response that combines the
modal analysis results with the known spectrum and is mainly used to determine the dynamic
response spectrum of the structure under stochastic loads or loads with time. Spectrum analysis
can be divided into time-history analysis and frequency domain analysis. As an alternative to
time-consuming time-history analysis, spectrum analysis can be used to determine the dynamic
response of the structure to stochastic or time-varying loads.
The bracket is expected to be mounted on the shaker. Thus, the area connected to the
shaker table is the area subjected to the PSD excitations. This area also constrains the bracket
such that it can move only in the vertical direction, and all other movement and rotation is
constrained. The bracket was expected to be mounted on the shaker table with four bolts, and the
stimulation was transferred through these bolts. The shaker table was expected to shake
vertically to simulate the vibration motion. For the most accurate results, the finite element
model constrains and apply stimulations on the areas of the four bolt holes, which are shown in
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Figure 3.23. The area of the four bolt holes was constrained in all directions except the Y
direction. The PSD stimulation was applied on the same constrained area and in the Y direction.

Figure 3.23 PSD excitation of the testing specimen
Within this thesis, swept PSD was employed as the input PSD to excite the testing
bracket. The spectrum analysis operated by ANSYS software package can perform only one PSD
per operation. Thus, the swept PSD must be divided into several independent PSDs to conduct
the spectrum analysis separately. As mentioned in Chapter 3.2.1.1, the sweeping rate was
assumed to be 1 Hz/s. The swept PSD was divided into 145 independent PSD positions, and each
PSD position lasted one second during a single bandwidth sweep. Spectrum analysis was
performed on each PSD position, and the response PSD was obtained.
3.3.4

Calculating the FDI from FEA

For this thesis, the Rayleigh distribution was employed to summarize the stress
distribution, which differs depending on the ANSYS software package default setting. Thus,
after the spectrum analysis was complete, the biggest 1G stress was retrieved from ANSYS
software package. According to the S-N curve, a higher applied stress will result in a lower cycle
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lifetime. The largest 1G stress indicates the location at which the bracket has the lowest cycle
lifetime and at which fatigue damage will occur first. The 1G stress is input in equation 3.24 and
combined with the S-N curve and Miner’s rule to calculate the FDI from FEA.

3.4

Summary

For chapter four explained the methodology used for modeling. The cumulative damage
method was employed to predict the FDI for the testing structure. The validation method carried
out by FEA was introduced.

55

RESULTS

In this thesis, all analyses were based on three different brackets. The natural frequencies
of each of the brackets were 40 Hz, 60 Hz, and 112 Hz.
The 1G stress was obtained from static analysis and used for the fatigue damage
calculations. The response PSD and GRMS were generated from the FEA method and
computational model for comparison and validation.

4.1

Finite Element Analysis
4.1.1

Modal Analysis

The natural frequency of the brackets was determined by modal analysis using ANSYS
software package. As discussed in Chapter 3.3.2, the natural frequency of each bracket was
adjusted by setting different density values for the top plane elements. A block Lanczos method
was employed to obtain the natural frequencies of the brackets. Theoretically, infinite natural
frequencies results can be obtained from modal analysis. However, only the first natural
frequency of each bracket was extracted for the best correlation with the SDOF system used in
the computational model.
The bracket with no weight added will have uniform density within its whole body. The
density value will be the same as that of aluminum 5052-H32, which can be found in Table 3.4.
The model shape and the first natural frequencies of the bracket are shown in Figures 4.1 and
4.2.
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Figure 4.1 Modal shape of the first natural frequency

Figure 4.2 Natural frequencies of the original bracket
By increasing the density value of the top plane elements, the total mass of the bracket
increases. As discussed in Chapter 3.3.2, the heavier bracket has a lower natural frequency if the
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modulus of elasticity k remains constant. To evaluate the effects of different natural frequencies
on the fatigue damage estimation, two other brackets were utilized in the FEA. The first natural
frequencies of these two brackets were 40 Hz and 60 Hz, and the shape of the brackets remained
unchanged. During the simulation testing, the 40 Hz natural frequency bracket will suffer only
the resonance that comes from the first narrowband. The 60 Hz natural frequency bracket will
suffer the resonance from the first and second narrowbands. By contrast, the original bracket
with no added weight will suffer the resonance from all three narrowbands.
The mode shapes of the added weight brackets are the same as that of the original
bracket. The natural frequencies of these two brackets are shown in Figures 4.3 and 4.4.

Figure 4.3 Natural frequencies of the second bracket
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Figure 4.4 Natural frequencies of the third bracket
4.1.2

Static Analysis

Static analysis helps determine the impact of steady loadings or steady inertia loadings on
the structure. The stress concentration position can be observed in the post processor after the
static analysis. The 1G stress of each bracket and the critical fatigue position were determined by
static analysis.
The fatigue failure always begins at one point where the stress is concentrated. The
stress-concentrated point was determined by applying a steady loading on the bracket. The
bracket was fully constrained at the four bolt holes. One static force was applied on the central
point of the top plane edge. The effect of this static force is shown as the von Mises contour plot
in Figure 4.5. Based on the fatigue lifetime curve, i.e., the S-N curve, a higher applied stress will
lead to a lower fatigue lifetime. The critical fatigue position is located where the node suffers the
highest von Mises stress. However, the edges of the bolt holes have the highest von Mises stress
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because of the geometric discontinuation at these positions. In the real experiment, the fatigue
position should be located at the lower fillet area. Thus, the critical fatigue point was determined
at the lower fillet area where the highest von Mises stress occurs.

Figure 4.5 von Mises stress contour plot
The 1G stress for each bracket was obtained from the static analysis using ANSYS
software package. The brackets were constrained at the four bolt holes and were moveable only
in the Y direction. 1G global gravity was applied to the bracket. The 1G stress results for the 112
Hz natural frequency bracket are shown as the von Mises contour plot in Figure 4.6. The 1G
stress of the bracket was extracted from the critical fatigue point determined previously. The 1G
stress values of the other two brackets were extracted similarly. The 1G stress results for all three
brackets at the critical fatigue point are listed in Table 4.1.
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Figure 4.6 Critical fatigue point location
Table 4.1 1G stress value for each bracket
Natural Frequency (Hz)
1G stress (MPa)

40
2.070

60
0.973

112
0.345

4.1.3 Spectrum Analysis
The acceleration response PSD was simulated based on the FEA method for the brackets
at natural frequencies of 40 Hz, 60 Hz, and 112 Hz natural frequency. The acceleration response
PSD was determined from the relative displacement response, which was obtained from ANSYS
software package according to equation 4.1.
(Eq. 4.1)
where n  2 f n
Recall that in Chapter 3.3.3, the input PSD was split into 145 independent PSD positions.
The sweeping PSD will remain in each PSD position for 24.83 s during one-hour testing. The
spectrum analysis processed with each PSD position was defined as a single computation step.
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As indicated in Table 3.1, the moving rate was defined as 1 Hz/sec for the first narrowband, 2
Hz/sec for the second narrowband, and 3 Hz/sec for the third narrowband. After each
computation step, the lower frequency of each narrowband will increase based on the moving
rate, and the bandwidth will remain the same. Thus, during one-hour testing, 145 computation
steps were obtained for the response PSD calculation and GRMS calculation. For instance, at the
20th computation step, the lower frequency of the first narrowband will increase from 20 Hz to
40 Hz, the second narrowband will increase from 40 Hz to 80 Hz, and the third narrowband will
increase from 60 Hz to 100 Hz. However, the bandwidth of each narrowband does not change.
The 40 Hz natural frequency bracket response PSD from the FEA method is plotted in
Figure 4.7. The response PSD shows a smooth surface with three discontinued and sharp ridges.
The sharp peaks are arranged closely near the natural frequency and become scattered away from
natural frequency. Five typical independent response PSD plots are provided in Figure 4.8 for
better vision. Each independent response PSD was extracted from the response PSD surface
shown in Figure 4.7 based on computation steps equal to 20, 40, 60, 80, and 100.
Four peaks should appear on the response PSD plot at each step, of which one is derived
from the resonance and three originate from the stimulation of the narrowbands. One peak is
missing in Figure 4.8 for computation step = 20 because one narrowband matched the natural
frequency, thus causing two peaks to overlap. The sharp peaks in Figure 4.8 and the one peak
missed for computation step = 60 are due to the sampling rate limitation in ANSYS software
package. The sampling rate in ANSYS software package is too small to rebuild the actual
response PSD. Moreover, the plots show only frequencies less than 1000 Hz in all steps because
the response PSD values are negligible and outside the ANSYS software package calculation
range.
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Figure 4.7 The 40 Hz natural frequency bracket response PSD from the FEA method

Figure 4.8 Characteristic response PSD at a natural frequency of 40 Hz
The 60 Hz natural frequency bracket response PSD from the FEA method is plotted in
Figure 4.9. The same five typical independent response PSD plots were extracted from the
response PSD surface and are provided in Figure 10. The 112 Hz natural frequency bracket
response PSD from the FEA method is plotted in Figure 4.11. Five typical independent response
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PSD plots are provided in Figure 12. These five typical plots show the same phenomena as the
40 Hz natural frequency bracket. Moreover, the peaks at the natural frequency occur later in
Figure 4.9 and Figure 4.11 than in Figure 4.7 because the narrowband needs more time to reach
the natural frequencies of 60 Hz and 112 Hz than to reach 40 Hz.

Figure 4.9 The 60 Hz natural frequency bracket response PSD from the FEA method

Figure 4.10 Characteristic response PSD for the 60 Hz natural frequency
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Figure
4.11 The 112 Hz natural frequency bracket response PSD from the FEA method

Figure 4.12 Characteristic response PSD for the 112 Hz natural frequency
4.2

Computational Modeling

The response PSD of each bracket is provided in Figures 4.13, 4.15, and 4.17. The five
typical independent response PSD plots for each bracket are listed in Figures 4.14, 4.16, and
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4.18. There are four ridges, which is identical to the response PSD generated using the FEA
method. One of the ridges originates from the natural frequency resonance with each frequency
of the PSD, regardless of whether it is a narrowband or wideband. The three curving ridges are
from the narrowband simulation, and the curve is due to narrowband sweeping. All four ridges
appear to be continuous, and the surface is smooth within all frequency ranges, in contrast to the
coarse result obtained using the FEA method. Recall from Chapter 3 that the sampling rate in the
computational model is 1 Hz, which is much more refined than in the FEA method.

Figure 4.13 The 40 Hz natural frequency bracket response PSD from the computational model
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Figure 4.14 Characteristic response PSD of the 40 Hz natural frequency

Figure 4.15 The 60 Hz natural frequency bracket response PSD from the computational model
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Figure 4.16 Characteristic response PSD of the 60 Hz natural frequency

Figure 4.17 The 112 Hz natural frequency bracket response PSD from the computational model
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Figure 4.18 Characteristic response PSD of the 112 Hz natural frequency
4.3

Computational Model Validation with FE Spectrum Analysis

The response PSD comparisons for each bracket are provided in Figures 4.19, 4.21, and
4.23. Five typical independent response PSD plots for each bracket are provided in Figures 4.20,
4.22, and 4.22 for comparison. The response PSD generated from the FEA method and
computational model were compared at all steps. In all three comparison plots, the FEA method
values are higher than those obtained from the computational model near the natural frequency.
Several trigons can be observed on the other three ridges, which indicates that at these points, the
computational model underestimated the response of the system.
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Figure 4.19 The 40 Hz natural frequency bracket response PSD comparison

Figure 4.20 Characteristic response PSD comparison for the 40 Hz natural frequency
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Figure 4.21 The 60 Hz natural frequency bracket response PSD comparison

Figure 4.22 Characteristic response PSD comparison for the 60 Hz natural frequency
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Figure 4.23 The 112 Hz natural frequency bracket response PSD comparison

Figure 4.24 Characteristic response PSD comparison for the 112 Hz natural frequency
As discussed in Chapter 3.2.3, the response PSDs are used to determine the mean
response level, i.e., the GRMS value, which is obtained from equation 3.7. The GRMS value
represents the average acceleration response of the input PSD using gravity G as the unit. In
other words, the 1G stress was used as a standard force unit, and the GRMS value indicated the
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force level compared to 1G stress. The GRMS value comparison for each bracket is shown in
Figures 4.25 to 4.27. When the narrowband matches the natural frequency, the bracket will suffer
the resonance phenomenon. The resonance phenomenon leads to a violent response, which is
apparent as the peak in the GRMS plot. Hence, each narrowband sweeping through the natural
frequency will generate a peak in the GRMS plot. For instance, three peaks can be observed in
Figure 4.25, indicating that all three narrowbands swept through 112 Hz, which is the natural
frequency of this bracket, during the process. All three figures shown that the computational
modeling underestimates the response when the narrowband matches the natural frequency, i.e.,
when resonance occurs. The computational modeling overestimates the response for the
subsequent steps.

Figure 4.25 The 40 Hz natural frequency bracket GRMS comparison
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Figure 4.26 The 60 Hz natural frequency bracket GRMS comparison

Figure 4.27 The 112 Hz natural frequency bracket GRMS comparison
The GRMS value error between the FEA method and computational model is provided in
Figure 4.28. The peak error is nearly ±10% for the 40 Hz and 60 Hz natural frequency brackets
and 6% for the 112 Hz natural frequency bracket.
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Figure 4.28 GRMS error for the three brackets
4.4

Fatigue Life Prediction

The fatigue damage index results are listed in Tables 4.2 to 4.4. Recall from Section 3.2.4
that the stress distribution was summarized as a Rayleigh distribution. The probability of each
sigma stress range is provided in Table 3.3. The FDI values were calculated based on the 0 to 3σ
stress range, 0 to 4σ stress range, and 0 to 5σ stress range. For instance, the 0 to 3σ stress range
FDIs were the sum of the FDIs calculated by using 1σ stress, 2σ stress, and 3σ stress. The FDI
caused by the different stress levels was calculated with the corresponding probability weighting.
The sum of the weighted FDI values from different stress levels represented the total equivalent
FDI.
The FDI error between the FEA method and computational model is listed as well. Minor
FDI values are reported in these tables because only self-weights were applied on the structure.
The FDI error was less than 44% for the 40 Hz natural frequency bracket, less than 28% for the
60 Hz natural frequency bracket, and less than 5% for the 112 Hz natural frequency.
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Table 4.2 The 0 to 3σ stress range equivalent FDI comparison
Natural Frequency

40 Hz

60 Hz

112 Hz

FEA method FDI

1.01*10-6

9.60*10-8

3.77*10-9

computational model FDI

7.04*10-7

7.56*10-8

3.95*10-9

FDI error

43.75%

26.98%

-4.66%

Table 4.3 The 0 to 4σ stress range equivalent FDI comparison
Natural Frequency

40 Hz

60 Hz

112 Hz

FEA method FDI

1.67*10-6

1.59*10-7

6.20*10-9

computational model FDI

1.16*10-6

1.25*10-7

6.52*10-9

FDI error

43.79%

27.33%

-4.91%

Table 4.4 The 0 to 5σ stress range equivalent FDI comparison
Natural Frequency

40 Hz

60 Hz

112 Hz

FEA method FDI

1.76*10-6

1.67*10-7

6.56*10-9

computational model FDI

1.23*10-6

1.31*10-7

6.88*10-9

FDI error

43.79%

27.13%

-4.65%

One equivalent FDI surface calculated from the 0 to 3σ stress range surface for different
1G stresses and natural frequencies is shown in Figure 4.29. The transparent surface represents
the equivalent FDI value. The solid red surface in Figure 4.29 indicates the dangerous position at
which the FDI value will reach 1; i.e., the structure will fail. In Figure 4.29, the natural frequency
ranges from 20 Hz to 200 Hz, and the 1G stress ranges from 0 MPa to 100 MPa.
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As shown in Figure 4.29, it is obvious that as the natural frequency increases, the FDI
grows rapidly. The FDI value is sensitive to the natural frequency and the 1G stress. The plane at
which FDI = 1 was divided into two parts by the FDI surface; one part inside the surface and the
other one outside the surface. Each point located on the outside part indicates that under this
combination of natural frequency and 1G stress, the structure will survive the four-hour testing
presented in Section 3.2.2. By contrast, points located on the inside part indicate that the
structure will fail before the four-hour testing is over.

Figure 4.29 FDI values for different 1G stresses and natural frequencies
To illustrate this more clearly, Figure 4.29 was scaled to the 0 to 2.5 MPa 1G stress range
and 20 Hz to 140 Hz frequency ranges, as shown in Figure 4.30. Three sets of FDI results were
plotted for comparison. The 0 to 3σ stress range equivalent FDI results for three brackets are
provided in Figure 4.29 to Figure 4.31. The FEA results are all indicated as circles, and the

77
computational results are shown as stars. The computational results were all located on the
surface. All three sets of comparisons show a good correlation.

Figure 4.30 The 0 to 3σ stress range equivalent FDI comparison

Figure 4.31 The 0 to 3σ stress range equivalent FDI comparison in X-Z view
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Figure 4.32 The 0 to 3σ stress range equivalent FDI comparison in Y-Z view
4.5

Summary

Chapter four presented the simulation results from the FEA method and the numerical
results from the model. The response PSD surfaces and GRMS value plots for each bracket are
compared with those obtained using the FEA method and computational model. The FDI value
for each bracket is calculated based on both the FEA method and the computational model. The
FDI value surface based on multiple natural frequencies and 1G stresses is presented.
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SUMMARY, CONCLUSIONS, AND
RECOMMENDATIONS

A computational model for fatigue damage estimation of simplified structural
components under complex vibrational loadings was developed. Using the bands method, the
given nonstationary PSD was sliced into narrowbands in which the Rayleigh distribution was
applied as the stress distribution. The fatigue damage estimation was obtained using the stresslife method, cumulative damage method, and the applied stress obtained from each PSD
segment. Three bracket structures with different natural frequencies were used as the testing
structure. Simulation testing was performed using the ANSYS software package. The
computational model results showed a good correlation with the FEA simulation. The response
PSD showed a good fit in terms of shape, and the GRMS value had less than 10% error. Thus,
the computational model is valid.
Based on the 1G stress values obtained via FEA, the FDI values for the testing bracket
were determined. Along with the input PSD sweeping, the response PSD continued sweeping in
at the same rate, and the effect of the narrowband did not decrease as the narrowband moved
away from the natural frequency. The GRMS results indicated that when the narrowband
matches the natural frequency, the GRMS value increases and falls as the narrowband sweeps
away. The change in the GRMS value indicates that the narrowband is of considerable
significance in the fatigue failure process. The FDI surface shows that the fatigue damage
increases rapidly as the 1G stress grows or the natural frequency increases. Higher 1G stress
leads to higher applied stress under the same input signal, and a higher natural frequency means
that more cycle times occur during resonance within the same time duration. The higher applied
stress and increased cycle times under resonance will cause more fatigue damage to the structure
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and accelerate failure. Reducing the natural frequency of the structure or decreasing the load on
the structure can slow fatigue failure. Moreover, designing the natural frequency of the structure
to be far from the frequency of the most severe input signal can also contribute to extending
lifetime.
The modeling approach presented here shows that a computational modeling technique
can be employed to simulate accelerated test conditions for simplified mechanical structures and
components subjected to complex nonstationary vibrational excitations. The structural
components were modeled as an SDOF system for simplicity. However, the modeling approach
can be extended to more complex structural components that can be represented as multiple
degrees of freedom systems. The modeling method developed here can be easily adapted to
optimize the design of many structural components in the early design phase prior to building
prototypes for laboratory vibration tests. The proposed modeling approach provides significant
advantages compared to accelerated vibrational testing FE modeling in terms of computational
efficiency and simplicity.
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